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1.1. Maxwell-Schr\"odinger . 3 Maxwell-Schro.. nger
(MS) .
.
$u$ , $(\phi, A)$
$i\partial_{t}u=$ $(\ovalbox{\tt\small REJECT}(A)+ 6)$u, (1.1)
$-\Delta 6$ $-\partial_{t}\mathrm{d}\mathrm{i}\mathrm{v}A=\rho(u)$ , (1.2)
$(\partial_{t}^{2}-\Delta)A+\nabla(\partial_{t}\phi+\mathrm{d}\mathrm{i}\mathrm{v}4)$ $=J(u, A)$ . (1.3)
$(u, \phi, A)$ : $R^{1+3}arrow C\cross R\mathrm{x}R^{3},$ $\ovalbox{\tt\small REJECT}(A)=-(\nabla-iA)^{2},$ $\rho(u)=|u|^{2},$ $J(u, A)=$
$2{\rm Im}\overline{u}(\nabla-iA)$u .
MS ,
. $(u, \phi, A)$ MS $\lambda$ : $R^{1+3}arrow R$
$(u’, \phi’, A’)=$ (exp($i\lambda$) $u,$ $\phi-\partial_{t}\lambda,$ $A+$ VA). (1.4)
$(u’, \phi’, A’)$ MS . , $(u, \phi, A)$







-lI5 $\mathrm{c}/=\mathrm{o}(u)$ , $(\partial_{t}^{2}-\Delta)A=PJ(u, A)$
. $P=1-\nabla \mathrm{d}$ iv $\Delta^{-1}$ . (1.6)
1 Newton , MS Coulomb
$i$a$tu=(\ovalbox{\tt\small REJECT}(A)+\phi(u))u$ , $(\partial_{t}^{2}-\Delta)A=PJ(u, A)$ ,
. $\phi(u)=(-\Delta)^{-1}|u|^{2}$ . MS-C .
(1.5) $A$ (0) $\partial_{t}A(0)$ (1.5) .
$\phi$ .




$X^{s,\sigma}=$ { $(u_{0},$ $A_{0},$ $A_{1})\in H^{s}\oplus H^{\sigma}\oplus H\sigma-1$ ; $\mathrm{d}\mathrm{i}$v $A_{0}=\mathrm{d}\mathrm{i}\mathrm{v}A_{1}=0$ }.
-
Theorem 1.1. $s\geq 5/3$ $\max\{4/3, s-2, (2s-1)/4\}\leq\sigma\leq\min\{s+1, (5s-2)/3\}$
. $(s, \sigma)\neq(5/2,7/2),$ $(7/2,3/2)$ . $(u_{0}, A_{0}, A_{1})\in X^{s,\sigma}$
MS-C .
Remark. (1) $T>0$ , $(u, A, \partial_{t}A)\in$
$C([0,T];X^{s},‘)$ . (2)
. $\sigma\geq\max\{(s-1), (2s+1)/4\}$ $(s, \sigma)\neq(5/2,3/2)$ .
.
Coulomb Lorentz
$\partial_{t}\phi+$ div $A=0$ (1.8)
. MS (MS-L) :
$i\partial_{t}u=(\ovalbox{\tt\small REJECT}(A)+\phi)u$ , $(\partial_{t}^{2}-\Delta)\phi=\rho$(u), $(\partial_{t}^{2}-\Delta)A=J(u, A)$ .
Maxwell
$(u(0), \phi(0)$ , $\partial_{t}\phi(0),$ $A(0),$ $\partial_{t}$ A$(0))=(u_{0}, \phi 0, \phi_{1}, A_{0}, A_{1})\in Y^{s,\sigma}$ (1.9)
.
$Y^{s,\sigma}=$ { $(u_{0}, \phi 0, \phi_{1}, A_{0}, A_{1})\in H^{s}\oplus H^{\sigma}\oplus H\sigma-1\oplus H"$ $\oplus H\sigma-1$ ;
$\mathrm{d}\mathrm{i}\mathrm{v}A_{0}+\phi_{1}=\mathrm{d}\mathrm{i}\mathrm{v}A_{1}+\Delta\phi 0+|$uo $|^{2}=0$}.
(1.8) $Y^{s,\sigma}$ . MS-L
.
Theorem 1.2. $s\geq 5/3$ $\max\{4/3, s-1\}\leq\sigma\leq\min\{s+1, (5s-2)/3\}$ .
$(s, \sigma)\neq(5/2,7/2)$ . $(u_{0}, \phi_{0}, \phi_{1}, A_{0}, A_{1})\in Y^{s,\sigma}$
MS-L .
Remark. (1) $(u, \phi, \partial_{t}\phi, A, \partial_{t}A)\in C([0, T];\mathrm{Y}^{s,\sigma})$ . (2)
. $\sigma\geq(2s+1)/4$ $(s, \sigma)\neq$
(5/2, 3/2) .
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$2iA\nabla u$ , derivative loss .
Strichartz .
2 ${\rm Re}\langle A\nabla\Omega^{s}u, \Omega 8u\rangle=-\mathrm{J}^{\neg}|\Omega^{s}u|^{2}\mathrm{d}$iv $Adx$
$s+1$ . $\Omega=(1-\Delta)^{1/2}$ .
$d||u;H^{\delta}||/dt\leq||$A; $H^{s}||||\partial u||_{\infty}+||\partial A||_{\infty}||u;H$“ $||\leq.||$A; $H^{s}||||u;H$“ $||$









. Nakamura-Wada [5] . 1.1
1.2 1.1
. , T $s\leq 2$ V\searrow s $>2$
. $I=[0, T]$ .
MS-C .
$i\partial_{t}v=(\ovalbox{\tt\small REJECT}(A)+\phi(u))v$ , $v$ (O) $=u_{0}$ , (2.1)
$(\partial_{t}^{2}-\Delta+1)B=PJ(u, A)+A$ , $B(0)=A_{0},$ $\partial_{t}$B$(0)=A_{1}$ . (2.2)
$\Phi$ : (u, $A$ ) $\mapsto(v, B)$ MS-C
Maxwell Klein-Gordon
Sobolev .
2.1. Schr\"odinger . .
Lemma 2.1. .
$||(\nabla-iA)v;H^{1}||\sim<||v;H^{2}||+\langle||A;H^{1}||\rangle^{4}||u||_{2}$
$\simeq||$!(A)$v||2+\langle|| A; H^{1}||\rangle^{4}||u||_{2}$ .
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Proof. - H\"older, Sobolev
$||$ A$\nabla v||2\leq||$A $||_{6}||\nabla v||_{3}\leq C||A;H^{1}||||\prime v;H^{2}||^{3/4}||v||_{2}^{1/4}\leq\epsilon||v$ ; $H^{2}||+C\epsilon^{-}1$ $||A;H^{1}||^{4}||v||_{2}$ .
$\epsilon$ .
$||$ A$2_{v||}2\leq\in||v$ : $H^{2}||+C\epsilon^{-1}||A;H^{1}||^{4}||v||_{2}$ .
.




$H^{\mathit{8}}$ . $A$ Coulomb , $\phi=(-\Delta)^{-1}|u|^{2}$
.




Proof. $l=||A;L$\infty (I; $H^{1}$ ) $||$ $\langle$ . $\ovalbox{\tt\small REJECT}(A)$
$\frac{1}{2}\frac{d}{dt}||\ovalbox{\tt\small REJECT} v||_{2}^{2}={\rm Im}\langle$ $\ovalbox{\tt\small REJECT}(\ovalbox{\tt\small REJECT}+\phi)v+2\partial_{t}A(\nabla-iA$ ) v, $\ovalbox{\tt\small REJECT} v\rangle$
$\leq$ { $||\ovalbox{\tt\small REJECT}\phi v||_{2}+2||$ $A$ ( $\nabla-iA$) $v||_{2}$ } $||\ovalbox{\tt\small REJECT} v||_{2}$ .
, $||\partial_{t}A(\nabla-iA)$ v||2 Lemma 2.1
||\partial tA(\nabla -iA)v||2\leq ||\partial tA||3 $-iA$) $v||_{6}\sim<||\partial_{t}A||_{3}\{||\ovalbox{\tt\small REJECT} v||_{2}+\langle l\rangle^{4}||v||_{2}\}$ .
. $||\ovalbox{\tt\small REJECT}\phi v||2$ Lemma 2.1 Sobolev ,
||=\supset $\phi v||_{2}<\sim||u;H^{3/4}||^{2}$ { $||\ovalbox{\tt\small REJECT} v||_{2}+\langle l\rangle$4||v||2},
. $L^{2}$ $||v(t)||_{2}=||v$ (0)||2 .
$\frac{d}{dt}\{1j(v||_{2}+\langle l)^{4}||v||_{2}\}\leq C\{||u;H^{3/4}||^{2}+||\partial_{t}A||_{3}\}\{||\ovalbox{\tt\small REJECT} v||_{2}+\langle l\rangle^{4}||v||_{2}\}$ ,
Gronwall
$||\mathrm{t}v||_{2}\leq||7v$ (0) $||\exp\{C||\partial_{t}A;L^{1}(I;L^{3})||+C||u;L^{2}(I;H^{3/4})||^{2}\}$
. Lemma 2.1 .
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(2.3) { $U_{u,A}($t, $\tau)$ } Lemma 2.2
$K_{2} \equiv\sup_{t,\tau\in I}||$U$(t, \tau);H^{2}arrow H^{2}||$
$\leq C\{1+||A;L^{\infty}(I;H^{1})||\}^{4}\exp\{C||u;L^{2}(I;H^{3/4})||^{2}+C||\partial_{t}A;\dot{L}^{1}(I;L^{3})||\}$
. $L^{2}$ 1 $||U$ (t, $\tau$ ) $;L^{2}arrow L^{2}||=1$
$K_{s}\equiv||$ U$(t, \tau)$ ; $H^{s}arrow H^{s}||\leq K_{2}^{\theta}$/2 (2.5)
. $-2\leq s<0$ $K_{\epsilon}\leq K_{2}^{|s|/2}$ .
2.2. Maxwell . Maxwell Strichartz (
Brenner[1] ) . (2.2) , $\sigma\geq 4/3$
$||B;L^{\infty}(I;H^{\sigma})||\vee||\partial_{t}B;L^{6}(I;L^{3})||\leq||(A_{0}, A_{1});H^{\sigma}\oplus H^{\sigma-1}||$
$+||$A; $L^{1}(I;H^{\sigma-1})||+||PJ;L^{q’}(I;H_{r}^{\sigma-2/r},)||$ .
$1/q+1/r=1/2$ $2\leq r<\infty$ ( admissible pair),
2 $L^{6}$ (L $L^{3}$ ) (2.4)
$||\partial_{t}A$ ; $L^{1}$ (L $L^{3}$ ) $||$ .
$\sigma\geq 4/3$ . . 2
$P(\overline{u}\nabla u)$ . Leibniz’ rule Sobolev
, $\sigma\leq s$ (Klein-Gordon
). $P$
. ( $m=\sigma-2/r$ ) $P\nabla=0$ KatO-Ponce
[3]
$||$ P($\overline{u}\nabla$u); $H_{r}^{m},$ $||\equiv||\Omega^{m}$P($\overline{u}\nabla$u) $||_{r’}$
$=||$P{ $\Omega^{m}(\overline{u}\nabla u)-\overline{u}\Omega^{m}\nabla u-\Omega^{m}\overline{u}\nabla$u1 $|_{r^{l}}$
$\leq||$P{ $\Omega^{m}$ ( $\overline{u}\nabla u)-\overline{u}\Omega^{m}\nabla$u} $||_{r’}+||$P( $\Omega^{m}\overline{u}\nabla$u) $||$,
$\sim<||$u; $H_{\mathrm{P}1}^{m}||||u||_{p_{2}}$ .
$1/p_{1}+1/p_{2}=1/r$’ . Sobolev $\sigma\leq\max\{s+$
$1,$ $(5s-2)/3\}$ $(s, \sigma)\neq(5/2,7/2)$




Lemma 2.3. $4/3 \leq\sigma\leq\min\{s+1, (5s-2)/3\}$ $(s, \sigma)\neq(5/2,7/2)$ (2.2)
$B$ :
$||$ B; $L^{\infty}(I;H^{\sigma})||\vee||\partial_{t}B;L^{6}(I;L^{3})||$
$\sim<||$ (A0, $A_{1}$ ) $;H^{\sigma}\oplus H^{\sigma-1}||+T||A;L^{\infty}(I;H^{\sigma-1})||$
$T^{1/2}$ ($1+||A;L$\infty (I; $H^{\sigma}$ ) $||$ ) $||u;L^{\infty}(I\cdot H^{s})|||^{2}$ . (2.6)
2.3. . , .
$s\leq 2$ $4/3\leq\sigma\leq(5s-2)/3$ .
,\sigma $=\{$ (u, $A$ ) $\in L$“ $(I;H^{\mathit{8}}\oplus H^{\sigma});|$ |u; $L$“ (L $H^{s}$ ) $||\leq l\mathrm{s}$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}A=0,$ $A\in W^{1,6}$ (I; $L^{3}$), $|$ |A: $L^{\infty}(I;H^{\sigma})||\vee||\partial_{t}A$; $L^{6}(I;L^{3})||\leq l_{\mathrm{M}}\}$ . (2.7)
Lemmas 2.2, 2.3 ., $(v, B)=\Phi(u, A)$ .
$||$ v; $L^{\infty}(I;H^{s})||\leq C(1+l_{\mathrm{M}})^{2s}\exp(CTl_{\mathrm{S}}^{2}+CT^{5/6}l_{\mathrm{M}})||u_{0};H^{s}||$,
$||$ B: $L$“ $(I;H^{\sigma})||\vee||\partial_{t}$B; $L^{6}(I;L^{3})||\leq C||(A_{0_{7}}A_{1});H^{\sigma}\oplus H\sigma-1||+CT^{1/2}(1+l_{S}\vee l_{M})^{3}$ .
, $l\mathrm{s},$ $l_{\mathrm{M}},$ $T$ $\Phi$ , . ,
$C||(A_{0}, A_{1});H^{\sigma}\oplus H^{\sigma-1}||\leq l_{\mathrm{M}}/2$ . $C(1+l_{\mathrm{M}})^{2s}||u_{0};H^{s}||\leq l\mathrm{s}/2$
$l\mathrm{s}$ . , $\exp(CTl_{\mathrm{S}}^{2}+CT^{5/6}l_{\mathrm{M}})\leq 2$ $CT^{1/2}(1+\mathrm{s}\vee l_{\mathrm{M}})^{3}\leq l_{M}/2$
$T$ .
, $\sigma$ .
Schr\"odinger derivative loss , ,
1.
$||u;L$“(L $L^{2}$ ) $||\vee||A\cdot L^{4}(|I,\cdot L4)$ || $d$ . $s\geq 7/4$
$(v, B)=\Phi(u, A),$ (v’, $B’$ ) $=\Phi(u’, A’)$






$|||$ (u, $A$) $|\mathrm{N}\equiv|$ |u; $L^{\infty}H^{\epsilon-1}||\vee|$|A’; $L^{q}H^{2-s,\mathrm{r}}\cap L^{2}L^{\infty}\cap L^{\infty}H^{1}||$
. $(q, r)=(6/$ ($2s-$ y, 3/(2–s)). $L^{\infty}H^{s-1}$ $L$“(I; $H^{s-1}$ )
. . $(u, A),$ $($”, $A’)$ MS-C .
1 , Theorem 1.1 $\sigma\geq 5/3$ $\Phi$ ,
. , .
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$||u-u’;L$\infty H$s-1||$ , $\partial_{t}(u-u’)$
$H^{s-3}$ , Lemma 2.1
$||$u-u’; $H^{s-1}||\simeq||\partial_{t}$(u-u$’$ ) $;H^{s-3}.||+||u-u’;L^{2}||$
. $u,$ $u’$ $t$
$i\partial_{t}^{2}(u-u’)=(\ovalbox{\tt\small REJECT}+\phi)\partial_{t}(u-u’)+(\ovalbox{\tt\small REJECT}+\phi-\ovalbox{\tt\small REJECT}’-\phi’)\partial_{t}u’$
$+$ ( $2i\partial_{t}$A$(\nabla-iA)+\partial_{t}\phi$) $(u-u’)$
$+$ ( $2i\partial_{t}$A($\nabla-iA)$ $+\partial_{t}\phi-2i\partial_{t}$ A’( $\nabla-iA’)-\partial_{t}\phi’$ ) $u’$
$\equiv(\ovalbox{\tt\small REJECT}+\phi)\partial_{t}(u-u’)+\sum_{j=1}^{3}f_{j}$ .
t(u-u’) $=-i \int_{0}^{t}U(t, \tau)\sum_{j=1}^{3}f_{j}(\tau)d\tau$
. $||U$ (t, $\tau$ ) $;H^{s-3}arrow H^{s-3}||\leq C$
$||$u-u’; $L^{\infty}H^{s-1}|| \sim<\int_{0}^{t}\sum_{j=1}^{3}||$fj $(\tau);H^{s-3}||d\tau$
. $||f_{1}$ (\mbox{\boldmath $\tau$}); $H^{s-3}||$ , $(A-A’)\nabla\partial_{t}\vee$
, . $\psi$
|((A--A’) t $\sqrt$ , $\psi\rangle$ $|$
$\leq||\partial_{t}v’;H^{s-2}||||(A-A’)\nabla\psi;H^{2-s}||$
$\leq||\partial_{t}v’;H^{s-2}||||A-A’;H^{2-s,r}\cap L$“ $||||\psi;H^{3-s}||$ .
$||$u-u’; $L^{\infty}H^{s-1}||\sim<T^{1/2}|||(u-u’, A-A’)|||$
. Maxwell Strichartz 2
$||$A–A’; $L^{q}H^{2-s,r}\cap L^{2}L^{\infty}\cap L\infty_{H^{1}||}\leq T^{1/2}|||(u-u’, A-A’)|||$
$|||(u-u’, A-A’)|||\leq CT^{1/2}|||$ ($u-u’,$ $A$ -A’)[| $T$
.




2.4. $s>2$ . . $(1+||A;H^{\sigma}||)^{\alpha}||u||_{2}$
$\mathrm{D}$ $||v;H^{8}||\simeq||\partial_{t}v_{\mathrm{J}}$. $H^{s-2}||$ (2.1) $t$
$i\partial_{t}^{2}v=$ $(\ovalbox{\tt\small REJECT}+ 6)$ c7tv $+(2i\partial_{t}A(\nabla-iA)+\partial_{t}\phi)v$
. $U$ (t, $\tau$)
$\partial_{t}v=U(t, 0)\partial_{t}v(0)-i\int_{0}^{t}U(t, \tau)(2i\partial_{t}A(\nabla-iA)+ 9t6)v(\tau)d\tau$
$2<s\leq 4$ (2.5) ,
$||$ atv; $H^{s-2}||\leq 7$ ($s||$ c)tt(0); $H^{s-2}||+K_{s} \int_{0}^{t}||$2ia$tA(\nabla-iA)+\partial_{t}\phi)v(\tau);H^{s-2}||$dr.
.
$||$v(t); $H^{s}||\leq C$ ( $||u;L^{\infty}(I;H^{s})||,$ $||$ A; $L^{\infty}(I;H^{\sigma})||$ )
$\mathrm{x}$ { $||v(0);H^{s}||+7\mathrm{o}t(1+||$aJ(r); $L^{3}||)||v(\tau)||d\tau$ }





, $||\partial_{t}^{2}v;H^{s-4}||$ . Maxwell
$s\leq 2$ .
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